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Abstract
We present in detail the procedure for calculating the heterotic one-loop effective action.
We focus on gravitational and gauge couplings. We show that the two-derivative couplings
of the gravitational sector are not renormalized at one loop when the ground state is su-
persymmetric. Arguments are presented that this non-renormalization theorem persists to
all orders in perturbation theory. We also derive the full one-loop correction to the gauge
coupling. For a class of N = 2 ground states, namely those that are obtained by toroidal
compactification to four dimensions of generic six-dimensional N = 1 models, we give an
explicit formula for the gauge-group independent thresholds, and show that these are equal
within the whole family.
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1. Introduction
In the past several years, there has been significant progress in trying to compare low
energy predictions of string theory with data [1]–[18]. String theory gives us the possibility
of unifying gauge, Yukawa and gravitational interactions. The presence of supersymmetry
is usually required in order to deal with hierarchy problems (although in the context of
supergravity and strings this is not automatic, due to the presence of gravity [19]). The
standard folklore demands N = 1 supersymmetry in order for the theory to possess chiral
fermions. There seem however to be flaws in this popular wisdom [20].
The quantities that are most easily comparable to experimental data are effective gauge
couplings of the observable sector, as well as Yukawa couplings. It is well known that the low-
energy world is not supersymmetric. Thus supersymmetry has to be broken spontaneously
at some scale of the order of 1 TeV (for hierarchy reasons). Although there are ways to break
supersymmetry in string theory [21, 22, 23], it is fair to say that none so far has yielded a
phenomenologically acceptable model. Although the issue of supersymmetry breaking is
an open problem, if we assume that its scale is of the order of 1 TeV and the superpartner
masses are around that scale, then non-supersymmetric thresholds are not very important for
dimensionless couplings (which include gauge and Yukawa couplings). Thus, it makes sense
to compute them and compare them with data in the context of unbroken supersymmetry.
There are several procedures to compute the one-loop corrections to dimensionless cou-
plings in string theory. The most powerful and unambiguous one was described in [12, 24].
It amounts to turning on gravitational background fields that provide the ground state in
question with a mass gap ∆m2, and further background fields (magnetic fields, curvature
and auxiliary F fields) in order to perform a background-field calculation of the relevant
one-loop corrections.
The above procedure involves the following steps:
(i) We first regulate the infra-red by introducing a mass gap in the relevant ground state.
This is done by replacing the flat four-dimensional conformal field theory with the wormhole
one, IRQ × SO(3) k
2
[25]. The mass gap is given by ∆m2 = M
2
s
2(k+2)
, where Ms =
1√
α′
and k is
a (dimensionless) non-negative even integer.
(ii) We then turn on appropriate background fields, which are exact solutions of the string
equations of motion. Such backgrounds include curvature, magnetic fields and auxiliary F
fields∗.
(iii) We calculate the one-loop vacuum amplitude as a function of these background fields.
(iv) We identify these background fields as solutions of the tree-level effective action. By
substituting them into the one-loop effective action and comparing with the string calculation
of the free energy, we can extract the renormalization constants at one loop.
In the following we will apply the aforementioned techniques to the calculation of string
loop corrections for gauge and gravitational couplings. For heterotic ground states with at
least N = 1 supersymmetry, we will demonstrate that Newton’s constant is not renormalized,
and derive the full one-loop gauge coupling. We will in particular obtain an explicit formula
for the universal part of the threshold corrections. Finally, we will show how, for the whole
∗These are relevant for the study of the Ka¨hler potential renormalization. For more details see [15].
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class of N = 2 ground states that come from two-torus compactification of six-dimensional
N = 1 theories, these thresholds are equal and fully determined as a consequence of an
anomaly-cancellation constraint in six dimensions. This summarizes our main results.
2. Infra-red regularization and background fields
As mentioned in the introduction, an infra-red regulated version of a given heterotic
ground state is provided by substituting four-dimensional flat space with the IRQ × SO(3) k
2
conformal field theory†. More details can be found in [12, 24]. There is a linear dilaton in
the time direction
Φ =
tMs√
k + 2
, (1)
necessary for making the total central charge equal to that of flat space. The mass gap can
be read off from the left worldsheet Hamiltonian (in the Euclidean)
L0 = −1
2
+
1
4(k + 2)
+
p2t
2
+
j(j + 1)
k + 2
+ · · · , (2)
to be ∆m2 = µ
2
2
with µ = Ms√
k+2
.
In this geometry there are several marginal deformations, which turn on background
fields. For magnetic fields we use
V magni ∝
(
J3 + i : ψ1ψ2 :
)
J i . (3)
This turns on a magnetic field in the third space direction; J i is a right-moving affine current
in the Cartan of the ith gauge group simple factor (picking out a single Cartan direction
will be enough for our purposes), and J3 belongs to the SO(3) k
2
affine Lie algebra. There is
also a gravitational perturbation generated by
V grav ∝
(
J3 + i : ψ1ψ2 :
)
J
3
. (4)
The currents J3, J
3
and J i are normalized so that
‡
J3(z) J3(0) =
k
2z2
+ · · · , J3(z¯) J3(0) = k
2z¯2
+ · · · , J i(z¯) J i(0) = ki
z¯2
+ · · · . (5)
All the above perturbations are products of left times right Abelian currents and thus pre-
serve conformal invariance. This implies that the new backgrounds satisfy the string equa-
tions of motion at tree level to all orders in the α′ expansion.
The vacuum amplitude at one loop, i.e. the free energy, in the presence of these back-
grounds can be readily calculated:
α′2F stringone loop =
1
2(2π)4
∫
F
d2τ
( Im τ)2
D stringone loop =
1
2(2π)4
∫
F
d2τ
( Im τ)2
〈
e−2pi Im τ δ(L0+L0)
〉
, (6)
†The group SO(3) is required instead of SU(2) for spin-statistics consistency [24].
‡Notice that there is a factor of 2 difference between the normalization used here and that used in [12, 24].
Our present normalization is the one widely used in the literature; it corresponds to the situation where the
highest root of the algebra has length squared ψ2 = 2.
2
with
δL0 = δL0 =
√
1 + F2 +R2 − 1
2
(Q+ I3)2
k + 2
+
1
R2 + F2
R I3√
k
+ F P i√
2ki
2

+
Q + I3√
k + 2
R I3√
k
+ F P i√
2ki
 . (7)
Here I3, I
3
stand for the zero modes of the respective SO(3) k
2
currents, Q is the zero mode
of the i : ψ1ψ2 : current and P i is the zero mode of the J i current. We also assume that the
gauge background does not correspond to an anomalous U(1). This case can also be treated,
but is more complicated. Since anomalous U(1)’s are broken at scales comparable with the
string scale, their running is irrelevant for low-energy physics. Expanding to second order in
the background fields, we find:
D stringone loop = 〈1〉
+
8π2( Im τ)2R2
k(k + 2)
〈(
Q + I3
)2 (
I
3
)2 − k
8π Im τ
((
Q+ I3
)2
+
k + 2
k
(
I
3
)2)〉
+
4π2( Im τ)2F2
ki(k + 2)
〈(
Q + I3
)2
P
2
i −
ki
4π Im τ
((
Q+ I3
)2
+
k + 2
2ki
P
2
i
)〉
+ · · · , (8)
where the dots stand for higher orders in F and R.
Here we will assume that our ground state has at least N = 1 supersymmetry§. In such
ground states, terms in (8) that do not contain the helicity operator Q vanish because of
the presence of the fermionic zero modes, and terms linear in Q vanish due to rotational
invariance, 〈I3〉 = 0. Thus for N = 1 ground states, (8) becomes
D stringone loop =
8π2( Im τ)2
k + 2
〈
Q2
(R2
k
((
I
3
)2 − k
8π Im τ
)
+
F2
2ki
(
P
2
i −
ki
4π Im τ
))〉
+ · · · . (9)
The generic N = 1 four-dimensional vacuum amplitude has the form
〈1〉 = 1
Im τ |η|4
∑
a,b=0,1
ϑ
[
a
b
]
η
C
[
a
b
]
Γ(k) = 0 , (10)
where C
[
a
b
]
is the contribution of the internal conformal field theory, and
Γ(k) = 4
√
x
∂
∂x
[
̺(x)− ̺(x/4)
]∣∣∣∣∣
x=k+2
with ̺(x) =
√
x
∑
m,n∈Z
e−
pix
Im τ
|m+nτ |2 (11)
stands for the SO(3) k
2
partition function normalized so that limk→∞ Γ(k) = 1. This extra
factor ensures the convergence of integrals such as those appearing in (6), at large values of
§The general formula in the absence of supersymmetry can be found in [12].
3
Im τ . Expression (10) allows us to recast (9) as follows:
D stringone loop = −
4πi
k + 2
Im τ
|η|4
∑
a,b=0,1
{F2
ki
∂τ
ϑ
[
a
b
]
η
 (P 2i − ki4π Im τ
)
C
[
a
b
]
Γ(k)
−R
2
6k
∂τ
ϑ
[
a
b
]
η
 C[a
b
] (
Ê2 +
2(k + 2)
iπ
∂τ¯
)
Γ(k)
}
+ · · · , (12)
where P
2
i acts as
i
pi
∂
∂τ¯
on the appropriate subfactor of the 32 right-moving-fermion contribu-
tion, and
Ê2 ≡ 6i
π
∂τ¯ log
(
Im τ η¯2
)
= E2 − 3
π Im τ
; (13)
E2 is an Eisenstein holomorphic function (see (64)) and Ê2 is modular-covariant of degree
2. Since we are interested in the large-k limit, we can expand (12) in powers of 1/k. In the
next-to-leading order, the above expression reads:
D stringone loop = −
4πi
k
Im τ
|η|4 Γ(k)
∑
a,b=0,1
{F2
ki
∂τ
ϑ
[
a
b
]
η
 (P 2i − ki4π Im τ
)
C
[
a
b
] (
1− 2
k
)
−R
2
6k
∂τ
ϑ
[
a
b
]
η
 Ê2C
[
a
b
]
+O
(
1
k2
)}
+ · · · . (14)
This is the form of the one-loop density that we will use for our subsequent calculations.
3. One-loop effective action and the gravitational sector
The tree-level heterotic effective action is given by¶
Stree =
1
α′
∫
d4x
√
Ge−2Φ
R + 4(∇Φ)2 − 1
12
Ĥ2 − α′∑
i,a
1
4g2i
F ai µν F
aµν
i + · · ·
 , (15)
where the dots stand for two-derivative terms that include the scalars and fermions, as
well as higher-derivative terms. The tree-level cosmological constant is set to zero since
we consider ground states with the appropriate value of the central charge. The index i
labels the various simple components of the gauge group, while a spans the corresponding
adjoint representations. The tree-level couplings gi are dimensionless and are given here by
gi =
1√
ki
, where ki are the integer levels of the appropriate affine algebras responsible for
the gauge group. Note that the physical gauge couplings contain also the string coupling
gstring = exp〈Φ〉; this will be restored in the next section. We have also introduced
Ĥµνρ = Hµνρ − α′
∑
i
1
2g2i
C Si µνρ , (16)
¶Expression (15) holds in the σ-model frame, which is the natural frame for perturbative string
calculations.
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where
Hµνρ = ∂µBνρ + cyclic permutations (17)
and
C Si µνρ =
∑
a
Aai µ F
a
i νρ −
1
3
∑
a,b,c
fabci A
a
i µA
b
i ν A
c
i ρ + cyclic permutations. (18)
We will now translate the gravitational and magnetic backgrounds described in the pre-
vious section in terms of conformal field theory into the language of the effective action. We
will use the Euler-angle parametrization of SO(3). In this parametrization we have three
angles: β ∈
[
0, π
√
α′k
]
and α, γ ∈
[
0, 2π
√
α′k
]
. The three coordinates α, β and γ as well as
t have dimensions of length, and βˆ = β/
√
α′k is dimensionless. The fields Gµν , Bµν and Φ
are dimensionless, and the gauge fields have dimensions of mass.
It is not difficult to verify [24] that the conformal field theory backgrounds of section 2
correspond to the following metric, antisymmetric tensor and dilaton:
Gtt = 1 , Gββ =
1
4
, Gαα =
1
4
(λ2 + 1)
2 −
(
8H2λ2 + (λ2 − 1)2
)
cos2 βˆ(
λ2 + 1 + (λ2 − 1) cos βˆ
)2 ,
Gγγ =
1
4
(λ2 + 1)
2 − 8H2λ2 − (λ2 − 1)2 cos2 βˆ(
λ2 + 1 + (λ2 − 1) cos βˆ
)2 ,
Gαγ =
1
4
4λ2 (1− 2H2) cos βˆ − (λ4 − 1) sin2 βˆ(
λ2 + 1 + (λ2 − 1) cos βˆ
)2 ; (19)
Bαγ =
1
4
λ2 − 1 + (λ2 + 1) cos βˆ
λ2 + 1 + (λ2 − 1) cos βˆ ; (20)
Φ =
t√
α′k
− 1
2
log
(
λ+
1
λ
+
(
λ− 1
λ
)
cos βˆ
)
+ log gstring . (21)
The non-vanishing gauge field components are those corresponding to the Cartan direction
that we have chosen in the ith simple group factor:
Aai α =
2 gi√
α′
Hλ cos βˆ
λ2 + 1 + (λ2 − 1) cos βˆ , A
a
i γ =
2 gi√
α′
Hλ
λ2 + 1 + (λ2 − 1) cos βˆ . (22)
We can check that these background fields satisfy the equations of motion stemming from
the tree-level effective action (15). Note also that the exact solution (to all orders) for the
dilaton is obtained by shifting k → k+2 in eq. (21). The relation of the effective parameters
H and λ to the conformal field theory parameters F and R is summarized in the following
equations:
H2 =
1
2
F2
F2 + 2
(
1 +
√
1 + F2 +R2
) = F2
8
(
1 +O
(
F2,R2
) )
, (23)
λ2 =
1 +
√
1 + F2 +R2 +R
1 +
√
1 + F2 +R2 −R = 1 +R+
R2
2
+O
(
F3,R3
)
. (24)
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Let us now turn to the corrections that the above effective action receives at one loop.
The bosonic part of the latter in the universal and gauge sectors can be parametrized as
Sone loop =
1
α′
∫
d4x
√
G
(
Λone loop
α′
+ ZRR + 4ZΦ (∇Φ)2
−ZH
12
(
H − α′∑
i
ZC
2g2i
CSi
)2
− α′∑
i,a
ZF
4g2i
F ai µν F
aµν
i
)
. (25)
All renormalization coefficients ZK are dimensionless. They encode the one-loop corrections
to the various effective couplings. There are some extra couplings associated with anomalous
U(1)’s but we will not consider this case here. Since the above action is the torus contribution,
there is no overall dilaton-dependent factor. Assuming unbroken supersymmetry amounts
to a vanishing Λone loop. Moreover, we know from previous studies [10] that there is no
Chern-Simons coupling at one loop, which in turn implies that ZC = 0.
What we need to do next is to compute the free energy associated with the background
fields studied above. This can be done by evaluating the corresponding one-loop action.
Since the various backgrounds do not depend on the Killing coordinates, the four-dimensional
measure, once normalized with respect to its flat-space limit V fl. sp. =
√
α′k
4
∫
dt dα dγ, becomes
∫
d4x
√
G→
√
1− 2H2
∫ pi
0
dβˆ
sin βˆ(
λ+ 1
λ
+
(
λ− 1
λ
)
cos βˆ
) . (26)
We can now evaluate the various terms that are relevant for the action (25). After some
calculation we obtain to leading order in the 1/k expansion:
1
α′
∫
d4x
V fl. sp.
√
GR =
1
k
√
1− 2H2
(
3 + 2H2
)(
λ +
1
λ
)
=
1
k
(
6− F
2
4
+
3R2
4
+ · · ·
)
, (27)
1
α′
∫
d4x
V fl. sp.
√
G 4(∇Φ)2 = 2
k
√
1− 2H2
(
λ+
1
λ
)
=
1
k
(
4− F
2
2
+
R2
2
+ · · ·
)
, (28)
1
α′
∫
d4x
V fl. sp.
√
G
H2
12
=
1
k
1√
1− 2H2
(
λ+
1
λ
)
=
1
k
(
2 +
F2
4
+
R2
4
+ · · ·
)
, (29)
∫
d4x
V fl. sp.
√
G
F 2i
4g2i
=
4
k
H2
√
1− 2H2
(
λ+
1
λ
)
=
1
k
F2 + · · · . (30)
We have used relations (23) and (24) in the right-hand side above. It should be noted that
all such lowest-order contributions are of order 1/k. In fact the expansion in powers of 1/k
organizes the various orders of derivatives in the effective action. For example, R2 terms
come in at order 1/k2:
∫
d4x
V fl. sp.
√
GRµνρσ Rµνρσ =
1
k2
√
1− 2H2
3
(
λ+
1
λ
)
×
×
( (
33 + 44H2 + 132H4
)(
λ2 +
1
λ2
)
16
(
3 + 4H2
))
6
=
1
k2
(
12 +
F2
2
+
47R2
2
+ · · ·
)
. (31)
Putting together eqs. (25) and (27)–(30), we obtain the one-loop correction to the free
energy in the effective field theory:
α′2F effectiveone loop =
Sone loop
V fl. sp.
=
1
k
(
2 (3ZR + 2ZΦ − ZH)− (ZR + 2ZΦ + ZH + 4ZF ) F
2
4
+(3ZR + 2ZΦ − ZH) R
2
4
+ higher orders in F and R
)
+O
(
1
k2
)
. (32)
In order to determine the various renormalization constants, we have to compare the
effective field theory result (32) with the string calculation of the one-loop free energy given
by eqs. (6) and (14). We first note that the absence of a term independent of F and R in
(14) leads to
3ZR + 2ZΦ − ZH = 0 . (33)
In turn, this relation implies through (32) that it should not be any R2 term‖ at order 1/k
in (14), which is indeed the case.
Before proceeding further with the computation of the string-induced renormalizations,
it is interesting to observe that, independently of any string-based consideration, relation
(33) is a consequence of space-time supersymmetry. The argument is the following. The tree
plus one-loop action for the universal sector is given from (15) and (25):
S tree & one loop =
1
α′
∫
d4x
√
G
((
e−2Φ + ZR
)
R
+4
(
e−2Φ + ZΦ
)
(∇Φ)2 − 1
12
(
e−2Φ + ZH
)
H2
)
. (34)
By performing the transformation
Gµν =
1
e−2Φ + ZR
gµν , (35)
we can go to the Einstein frame, where the above action reads:
S Einsteintree & one loop =
1
α′
∫
d4x
√
g
(
R−2
(
1− 2 (ZΦ + 2ZR)e2Φ
)
(∇Φ)2
−e
−4Φ
12
(
1 + (ZR + ZH)e
2Φ
)
H2
)
. (36)
Only when relation (33) is true does the action above, upon the field redefinition
Φ′ = Φ− ZΦ + 2ZR
2
e2Φ +O
(
e4Φ
)
, (37)
‖Equation (31) suggests, however, thatR2 terms are present at the order 1/k2, which is again in agreement
with the string result (14). This makes it possible for the determination of the one-loop renormalization
constant ZR2 , leading in particular to the gravitational anomaly.
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become the tree-level action in the Einstein frame, which is fixed by supersymmetry.
In fact, this argument generalizes to higher orders in perturbation theory, thus leading,
at any order, to relations among renormalization constants similar to (33). Let
S =
1
α′
∫
d4x
√
Ge−2Φ
(
FR(Φ)R + 4Fφ(Φ) (∇Φ)2 − 1
12
FH(Φ)H
2
)
(38)
be the all-order effective action for the universal sector in the σ-model frame, where the
functions FR, Fφ and FH have the perturbative expansion
FK(Φ) = 1 +
∞∑
n=1
Z
(n)
K e
2nΦ . (39)
Then N = 1 supersymmetry implies that
log (FH(Φ)FR(Φ)) = −4
∫ Φ
−∞
dx

√√√√3(1− 1
2
F ′R(x)
FR(x)
)2
− 2 Fφ(x)
FR(x)
− 1
 , (40)
which at the one-loop level leads precisely to (33).
Let us now come back to the string computation and show that at one loop
ZR = ZH = 0 . (41)
In order to do this, we will go beyond the calculation that we presented in section 2. Indeed,
we have to study the two-point amplitude of graviton, antisymmetric tensor and dilaton, at
one loop. The piece quadratic in momenta in such an amplitude determines the quadratic
part of the associated one-loop action, and therefore the corresponding renormalization con-
stant. The relevant heterotic vertex operator is
V (ǫ, p) ∝ ǫµν (∂xµ + i(p · ψ)ψµ) ∂¯xνeip·x , (42)
with p2 = 0. For comparison, the vertex operator of a gauge boson is
V ai (ǫ, p) ∝ ǫµ(∂xµ + i(p · ψ)ψµ)Jai eip·x . (43)
The two-point S-matrix element on the torus is (up to an overall normalization)
S1→2 ∝
∫
F
d2τ
( Im τ)2
∫
d2z
〈
V (ǫ(1), p(1))(z, z¯) V (ǫ(2), p(2))(0)
〉
, (44)
with p(1)µ p(1)µ = p
(2)µ p(2)µ = p
(1) + p(2) = 0. It is known that such an on-shell amplitude is
zero, which is consistent with the fact that there is no one-loop mass shift for such massless
particles. However, for our purposes, we have to go off shell in order to pick out the terms
quadratic in momenta. There is such a prescription [1, 10], which amounts to keeping
p(1)µ p(1)µ = p
(2)µ p(2)µ = 0 but allowing p
(1)+p(2) to be arbitrary, without destroying conformal
or modular invariance. Furthermore, due to N = 1 supersymmetry, the only term that
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contributes a non-zero result in (44) is the one containing the four worldsheet fermions;
since we are interested in terms with two derivatives, we can set the exponential eip·x to 1.
Thus
S1→2 ∝
∫
F
d2τ
( Im τ)2
∫
d2z ǫ(1)ηκ ǫ
(2)
µν p
(1)
ρ p
(2)
σ 〈ψρ(z)ψη(z)ψσ(0)ψµ(0)〉
〈
∂¯xκ(z¯) ∂¯xν(0)
〉
+O
(
p4
)
(off shell) . (45)
It is obvious from the above expression, that the integrand is a total holomorphic derivative
of a function that is periodic and regular on the torus. This implies that this integral
vanishes, which proves relation (41). We should note here that, for the gravitational sector,
the relevant integrals are finite in the infra-red so that no regularization is needed.
Another way to see the vanishing is to compare with the gauge-field case, where the
associated amplitude has the form
Si,a→ j,b ∝
∫
F
d2τ
( Im τ)2
∫
d2z ǫ(1)µ ǫ
(2)
ν p
(1)
ρ p
(2)
σ 〈ψρ(z)ψµ(z)ψσ(0)ψν(0)〉
〈
J
a
i (z¯) J
b
j(0)
〉
+O
(
p4
)
(off shell) . (46)
The left-moving fermionic correlation function reduces to the standard helicity trace while
the integrated correlation function of the right-moving affine currents gives Tr
(
Q
2
i − ki4pi Im τ
)
,
where Q
2
i is the gauge-group quadratic Casimir. Upon inspection, we can see that there is
a similar formula for the gravitational case with ki = 1 and Qi replaced by the (continuous)
momentum in a single direction. For continuous momentum, Tr
(
P
2
)
∝ 1
Im τ
, and by modular
invariance it must cancel the second term.
The above argument generalizes to higher loops in the presence of N = 1 supersymmetry.
Again only the four-fermion term contributes and the integrand is always a total derivative.
We can thus conclude that, to all orders in perturbation theory, Newton’s constant is not
renormalized around heterotic ground states with at least N = 1 space-time supersymmetry.
Similarly, there are no perturbative corrections to the dilaton and antisymmetric tensor
kinetic terms.
4. One-loop gauge couplings and universal thresholds
The one-loop correction to the gauge coupling can be calculated using the results of
the previous section. We will describe the general structure of these corrections in the DR
scheme for a generic supersymmetric four-dimensional model, and will eventually concentrate
on a specific family of N = 2 ground states that are two-torus compactifications of arbitrary
N = 1 theories in six dimensions. In that case, it turns out that the universal, i.e. group-
factor independent, part of the thresholds is truly universal: it does not depend on the (4, 0)
internal conformal field theory that is used to reach six dimensions starting from ten.
Equations (32), (33) and (41) imply
α′2F effectiveone loop =
1
k
(
−ZF F2 + higher orders in F and R
)
+O
(
1
k2
)
, (47)
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where ZF can be determined by comparison with eqs. (6) and (14). Note that the nor-
malizations for the effective field theory are chosen such that the highest roots of the group
algebra have length squared equal to 1 ∗∗. Since our string computation was performed with
ψ2 = 2, the net result for ZF reads:
ZF =
i
16π3ki
∫
F
d2τ
Im τ
Γ(k)
|η|4
∑
a,b=0,1
∂τ
ϑ
[
a
b
]
η
 (P 2i − ki4π Im τ
)
C
[
a
b
]
. (48)
From (15) and (25) we can derive the effective one-loop string-corrected coupling geff, i:
16π2
g2eff, i
= ki
16π2
g2string
+ 16π2kiZF
= ki
16π2
g2string
+
i
π
∫
F
d2τ
Im τ
Γ(k)
|η|4
∑
a,b=0,1
∂τ
ϑ
[
a
b
]
η
 (P 2i − ki4π Im τ
)
C
[
a
b
]
. (49)
The latter has to be identified with the corresponding field theory one-loop gauge coupling,
regulated in the infra-red in a similar fashion as the string theory. As expected, the infra-red
divergence cancels between string theory and field theory results. The effective field theory
has also to be supplied with an ultraviolet cut-off; expressing the field theory bare coupling
in terms of the running coupling gi(µ), we obtain [13]:
16π2
g2i (µ)
= ki
16π2
g2string
+ bi log
M2s
µ2
+∆i (50)
in the DR scheme, where
bi = lim
Im τ→∞
i
π
1
|η|4
∑
a,b=0,1
∂τ
ϑ
[
a
b
]
η
 (P 2i − ki4π Im τ
)
C
[
a
b
]
(51)
are the usual beta functions, and
∆i =
∫
F
d2τ
Im τ
 i
π
1
|η|4
∑
a,b=0,1
∂τ
ϑ
[
a
b
]
η
 (P 2i − ki4π Im τ
)
C
[
a
b
]
− bi
+ bi log 2 e1−γ
π
√
27
. (52)
Part of the threshold correction is universal (gauge-group independent). We can thus split
(52) as
∆i = ∆ˆi − ki Y . (53)
The universal piece Y contains, among other things, contributions from the universal sector
(gravity in particular). Such contributions are absent in grand unified theories. Thus Y is a
finite correction to the “bare” string coupling gstring. Moreover it is infra-red-finite, which in
particular means that it remains finite when extra states become massless at some special
values of the moduli. Thus we can write (50) as
16π2
g2i (µ)
= ki
16π2
g2renorm
+ bi log
M2s
µ2
+ ∆ˆi , (54)
∗∗These are the usual normalizations that lead in particular to the tree-level relation Ms =
gstring√
32piGN
.
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where we have defined a “renormalized” string coupling by
g2renorm =
g2string
1− Y
16pi2
g2string
. (55)
Moreover, for N = 2 ground states
∆ˆi = bi∆ , (56)
where ∆ does not depend on the group factor. Then (54) becomes
16π2
g2i (µ)
= ki
16π2
g2renorm
+ bi log
M2s e
∆
µ2
, (57)
and the couplings are unified at µ = Ms e
∆
2 .
Let us now concentrate on a particular class of N = 2 ground states, namely those that
come from toroidal compactification of generic six-dimensional N = 1 string theories††. Here,
there is a universal two-torus, which provides the (perturbative) central charges of the N = 2
algebra. Therefore (52) becomes
∆N=2i =
∫
F
d2τ
Im τ
(
Γ2,2
(
T, U, T , U
)
η¯24
(
P
2
i −
ki
4π Im τ
)
Ω− bi
)
+ bi log
2 e1−γ
π
√
27
, (58)
where T and U are the complex moduli of the two-torus, Ω is an antiholomorphic function
and
Γ2,2
(
T, U, T , U
)
=
∑
m,n∈Z
exp
(
2πiτ
(
m1 n
1 +m2 n
2
)
− π Im τ
ImT ImU
∣∣∣Tn1 + TUn2 − Um1 +m2∣∣∣2 ) . (59)
From (58), we observe that the function
F i =
1
η¯24
(
P
2
i −
ki
4π Im τ
)
Ω (60)
is modular invariant. Consider the associated function that appears in the R2-term renor-
malization (see eq. (14) or ref. [7] for more details),
F grav =
Ê2
12
Ω
η¯24
=
1
η¯24
(
i
π
∂τ¯ log η¯ − 1
4π Im τ
)
Ω , (61)
which is also modular invariant, and eventually leads to the gravitational anomaly. The
difference F i − ki F grav is an antiholomorphic function, which is modular invariant. It has
at most a simple pole at τ → i∞ (associated with the heterotic unphysical tachyon) and is
finite inside the moduli space of the torus. This implies that
F i = ki F grav + Ai j(τ¯ ) +Bi , (62)
††Note that this is not the most general four-dimensional N = 2 theory.
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where Ai and Bi are constants to be determined, and j(τ) =
1
q
+ 744 +O(q), q = exp(2πiτ)
is the standard j-function. The modular invariance of F grav implies that Ω is a modular
form of weight 10, which is finite inside the moduli space. This property fixes
Ω = ξ E4E6 , (63)
where E2n is the nth Eisenstein series:
E2 =
12
iπ
∂τ log η = 1− 24
∞∑
n=1
n qn
1− qn , (64)
E4 =
1
2
(
ϑ82 + ϑ
8
3 + ϑ
8
4
)
= 1 + 240
∞∑
n=1
n3qn
1− qn , (65)
E6 =
1
2
(
ϑ42 + ϑ
4
3
) (
ϑ43 + ϑ
4
4
) (
ϑ44 − ϑ42
)
= 1− 504
∞∑
n=1
n5qn
1− qn . (66)
Putting everything together in (58) we obtain:
∆N=2i =
∫
F
d2τ
Im τ
(
Γ2,2
(
T, U, T , U
)(ξki
12
Ê2E4E6
η¯24
+ Ai j +Bi
)
− bi
)
+ bi log
2 e1−γ
π
√
27
. (67)
There are two constraints that allow us to fix the constants Ai, Bi. The first is that the
1/q pole is absent from the group trace, which gives
Ai = −ξki
12
. (68)
The second is (51), which implies
744Ai +Bi − bi + ki bgrav = 0 , (69)
where
bgrav = lim
Im τ→∞
F grav = −22 ξ (70)
is the gravitational anomaly in units where a hypermultiplet contributes 1
12
[7]. Plugging
(68)–(70) in (67), we finally obtain:
∆N=2i = bi
(
log
2 e1−γ
π
√
27
+
∫
F
d2τ
Im τ
(
Γ2,2
(
T, U, T , U
)
− 1
))
+
ξki
12
∫
F
d2τ
Im τ
Γ2,2
(
T, U, T , U
)(Ê2E4E6
η¯24
− j + 1008
)
. (71)
The first integral in (71) was computed explicitly in [3] and recently generalized in [17]:
∫
F
d2τ
Im τ
(
Γ2,2
(
T, U, T , U
)
− 1
)
= − log
(
|η(T )|4|η(U)|4 ImT ImU
)
− log 8π e
1−γ
√
27
. (72)
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Therefore, as advertised above, we can write
∆N=2i = bi∆− ki Y , (73)
with
∆ = − log
(
4π2|η(T )|4|η(U)|4 ImT ImU
)
(74)
and
Y = − ξ
12
∫
F
d2τ
Im τ
Γ2,2
(
T, U, T , U
) ((
E2 − 3
π Im τ
)
E4E6
η¯24
− j + 1008
)
(75)
(we have used eq. (13)). This form of the universal term was determined for the case of
Z2 × Z2 orbifolds in [13] and further generalized for a larger class of models in [14].
The coefficient ξ can be related to the number of massless vector multiplets NV and hy-
permultiplets NH via the gravitational anomaly (bgrav), which can also be computed from the
low-energy theory of massless states. In units where a scalar contributes 1, the graviton con-
tributes 212, the antisymmetric tensor 91, the gravitino −233
4
, a vector −13 and a Majorana
fermion 7
4
; therefore the N = 2 supergravity multiplet contributes 212− 2233
4
− 13 = 165
2
, the
tensor multiplet contributes −13+27
4
+1+91 = 165
2
, a vector multiplet −13+27
4
+2 = −15
2
and a hypermultiplet 27
4
+ 4 = 15
2
. Thus in the units of (70),
bgrav =
22−NV +NH
12
, (76)
and hence
ξ = − 1
264
(22−NV +NH) . (77)
Therefore, the universal contribution (75) reads:
Y =
22−NV +NH
3168
∫
F
d2τ
Im τ
Γ2,2
(
T, U, T , U
) ((
E2 − 3
π Im τ
)
E4E6
η¯24
− j + 1008
)
. (78)
As an example, let us consider the case of the Z2 orbifold, where we have a gauge group
E8 × E7 × SU(2) × U(1)2 and thus NV = 386. The number of massless hypermultiplets
is NH = 628. Using these numbers in (77) we obtain in this case ξ = −1. As expected
by supersymmetry, the corresponding universal threshold is twice as big as a single-plane
contribution of the symmetric Z2 × Z2 orbifold.
We come finally to the important observation that the result ξ = −1 applies to more
general situations than the above example. One can indeed show that NH−NV is a universal
constant for the whole class of four-dimensional N = 2 models obtained by toroidal compact-
ification of any N = 1 ground state in six dimensions. The argument is the following. From
the six-dimensional point of view, the models at hand must obey an anomaly-cancellation
constraint, which reads: NH −NV |six dim = 244, and does not depend on the kind of com-
pactification that has been performed from ten to six dimensions‡‡ [27]. After two-torus
‡‡Actually, this constraint, which ensures that TrR4 vanishes, holds even when there occurs a symmetry
enhancement originated from non-perturbative effects, provided the number of tensor multiplets remains
NT = 1. Note that this six-dimensional anomaly-cancellation constraint is also used in [26], in relation to
four-dimensional quantities.
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compactification to four dimensions, two extra U(1)’s appear, leading to the relation
NH −NV = 242 (79)
between the numbers of vector multiplets and hypermultiplets. In turn, eq. (77) implies
that for this class of ground states ξ = −1, as advertised previously. As a consequence, all
N = 2 models under consideration have equal universal thresholds, given by (78) and (79).
5. Conclusions
We have applied the background field method to analyze the response of a string, sup-
plied with an appropriate curvature-induced infra-red cut-off, to magnetic and gravitational
marginal deformations. This has allowed us to obtain the exact (i.e. to all orders in α′)
genus-1 free energy of the string as an expansion with respect to the space-time curvature
parameter 1/k. Comparison with the effective field theory σ-model action has led to definite
results for the one-loop corrections to gauge and gravitational couplings. Indeed, we have
demonstrated the absence of corrections to Newton’s constant for supersymmetric ground
states, and argued how this result can be extended to all orders in gstring. We have then
derived the full one-loop gauge coupling in the DR scheme, for N = 1 supersymmetric
theories.
For the class of N = 2 four-dimensional theories that come from torus compactification
of six-dimensional N = 1 ground states, using the relation between gauge and R2-term
renormalizations, we have obtained an explicit formula for the universal part of the threshold
corrections. It is quite remarkable that the latter turns out to be related to the quantity
NH − NV , which is fully determined as a consequence of the anomaly cancellation (gauge,
gravitational and mixed) in the underlying six-dimensional theory. Therefore, the whole
class of models under consideration have equal universal thresholds. Note, however, that
although NH − NV is not expected to receive any non-perturbative contribution as long as
NT = 1, the universal thresholds in general are.
We would like, finally, to note that the above results can be further generalized to the
contributions of the N = 2 supersymmetric sectors in N = 1 string models [14]. In these
models, which are phenomenologically interesting, the universal thresholds will play a role
for the issue of string unification [13].
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